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I. INTRODUCTION
The representation of quantum operators and states in the infinite dimensional Hilbert
space equipped with the Fock-state basis1 (called also number-state basis) is a remarkably
versatile point of view in the study of continuous-variable quantum mechanics. Even though
its application to non Gaussian cases is well documented,2 it was just in the field of the
Gaussian states and operators that Fock representation obtained the most interesting results.
The Fock coefficients of the Gaussian density operator ρ have received frequent attention,
because its diagonal entries ρnn give the probability distribution of the number of the photons
present in the state.
The mathematics involved in the computations is rather sophisticated and mostly uses
the technicalities of the Glauber representation in terms of coherent states (characteristic
function, Wigner function, R function, P representation, ecc.).3,4 This implies an inevitable
recourse to complicate integrations and/or to frequent quoting of tables of integrals, so
that the results are either expressed in terms of hypergeometric functions,5,6 or in terms of
Laguerre polynomials,7,8 or in terms of generalized Hermite polynomials.9–11
In this paper we give a complete and self-contained Fock representation of a general noisy
Gaussian single-mode state, based on the properties of the Hermite and Hermite-like (HL)
polynomials. Our treatment underlies the interpretation of a Gaussian noisy state as gener-
ated by applying a Gaussian unitary transformation to a thermal (often called also chaotic)
state. A preliminary computation easily shows that a Gaussian unitary transformation has
a very simple Fock representation as a five-variables two-indexes Hermite polynomial, with
variables expressed in terms of the bosonic parameters characterizing the displacement, the
rotation, and the squeezing implied in the transformation. The passage from the Fock rep-
resentation of the Gaussian unitary to that of the Gaussian states is conceptually easy, but
it requires to sum an infinite series, which may appear a serious drawback (in alternative
approaches the drawback is the evaluation of very complicated integrals). But the theory of
the HL polynomials through the use of the operational calculus yields the appropriate tool
to get a simple closed-form result.
A key point in our derivation is the fact that exponential factors in the normal ordering of
the Gaussian unitary have the same structure as the generating function of the two-indices
two-variables Hermite polynomials, so that the recourse to the HL polynomial appears nat-
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ural. As it may be seen in a paper13 by two of the authors of the present paper, this holds
true also for the multi-mode Gaussian unitaries, provided that the number of indexes and
variables in the HL polynomials is appropriately increased.
The paper is organized as follows. In Section II we introduce the different HL polyno-
mials we will use in the following along with their most relevant properties. Their defini-
tions and properties are disseminated in different sources. Then, in order to guarantee the
self-consistency of the paper and to clarify the underlying mathematical methodology, we
accompany the properties with brief sketches of their proofs. Also we emphasize the use
of the operational form of polynomials, which is often the key to get closed-form results.
In Section III we introduce the general Gaussian unitary and recall that it is obtained as
a cascade combination of a displacement, a rotation, and a squeezing.14 In Section IV we
obtain the Fock representation of the general noisy Gaussian state interpreted as the result
of the application of a general Gaussian unitary to a thermal state. The derivation exploits
in a natural way the HL properties discussed in Section II. The final result, expressed by a
simple matrix form, depends on the parameters of the Gaussian unitary, namely, the dis-
placement amount α and the squeeze amount z, and on the average number of the photons
N in the thermal noise. In Section V special cases are obtained to get the Fock expansion
of 1) noisy squeezed states by setting α = 0, 2) noisy displaced states by setting z = 0, and
3) pure states by setting N = 0. Finally, in Section VI we will use the Fock expansion to
evaluate the probability distribution of the photon number.
We conclude by remarking that results available in the literature, obtained by alternative
methods, appear to be very different from our results, but we have checked that they are in
perfect agreement with them.
II. HERMITE-LIKE POLYNOMIALS
Hermite polynomials with many indices and many variables have been studied since
the nineteenth century. Hermite himself, in his original proposal,15 introduced orthogonal
polynomials with many indices and many variables. Later, Appell and Kampe´ de Fe´riet
dedicated to this topic a monographic volume,16 where their relevant properties have been
studied in depth.
The study and the application of these families of polynomials has been revived in more
3
recent times within different contexts, either in pure mathematics and in applications. The
reasons of this interest is either because they are suited to describe physical phenomena, e.g.,
diffusion problems,but also because their embedding with methods of operational nature has
provided new points of view on the theory of special functions and of their generalization.
A. Hermite-Kampe´ de Fe´riet polynomials
The two variable version of the Hermite polynomials,
Hn(x, y) = n!
bn/2c∑
r=0
1
(n− 2r)!r!x
n−2ryr (1)
have been introduced in Ref. [16] and will be referred as Hermite–Kampe´ de Fe´riet (briefly
H-KdF) polynomials. Since they are solutions of the heat differential equation, they are also
called heat polynomials.
In the present paper wide use will be made of the operational approach, whose simplest
result is given by the following shift transformation
ey∂xg(x) =
∞∑
n=0
yn
n!
∂nxg(x) = g(x+ y) (2)
(which holds true for any function g(x) admitting Taylor expansion). Then it is worth to
introduce the operational definition of the H-KdF polynomials
Hn(x, y) = e
y∂2xxn . (3)
Indeed, after expanding the exponential as
ey∂
2
x xn =
∞∑
r=0
yr
r!
∂2rx x
n (4)
and, on account of the fact that
∂2rx x
n =
n!
(n− 2r)!x
n−2r (5)
for r = 0, 1, . . . , bn/2c while ∂2rx xn = 0 otherwise, one obtains
ey∂
2
xxn = n!
bn/2c∑
r=0
1
(n− 2r)!r!x
n−2ryr = Hn(x, y) . (6)
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Also the generating function of the H-KdF polynomials follows
h(x, y, t) =:
∞∑
n=0
tn
k!
Hn(x, y) = e
y∂2x
∞∑
n=0
tn
k!
xn = ey∂
2
xetx
=
∞∑
n=0
yn
n!
∂2nx e
tx = etx
∞∑
n=0
ynt2n
n!
= etx+t
2y . (7)
Finally, from the operational definition (6) a quasi-monomial property follows, namely,
∂xHn(x, y) = nHn−1(x, y) . (8)
A result of a crucial importance in our paper is the following Mehler type addition formula
G(x, y; z, v|t) =
∞∑
n=0
tn
n!
Hn(x, y)Hn(z, v) =
1√
1− 4yt2v exp
{
xtz + t2(x2v + yz2)
1− 4yt2v
}
. (9)
Note that, by using the operational definition (3), G(x, y; z, u|t) can be recast in the form
G(x, y; z, v|t) = ey∂2x+v∂2z
∞∑
n=0
tnxnzn
n!
= ey∂
2
x+v∂
2
zetxz , (10)
Then, applying the well-known Gauss–Weierstrass transform17
ey∂
2
xf(x) =
1
2
√
piy
∫ ∞
−∞
e−
(x−ξ)2
4y f(ξ) dξ , (11)
a simple algebra yields (9).
B. Two-indices Hermite-Kampe´ de Fe´riet polynomials
Let us now go a step further, by introducing the two-indices H-KdF polynomials
Hm,n(x, y; z, u|τ) = m!n!
min{m,n}∑
r=0
Hm−r(x, y)Hn−r(z, u) τ r
(m− r)!r!(n− r)! . (12)
Their operational definition is
Hm,n(x, y, z, u|τ) = ey∂2x+u∂2z+τ∂x∂z(xmzn) (13)
as it follows from
ey∂
2
x+u∂
2
z+τ∂x∂z(xmzn) = eτ∂x∂zey∂
2
x(xm)eu∂
2
z (zn)
= eτ∂x∂zHm(x, y)Hn(z, u)
=
∞∑
r=0
τ r
r!
∂rxHm(x, y)∂
r
zHn(z, u)
= m!n!
min{m,n}∑
r=0
Hm−r(x, y)τ rHn−r(z, u)
(m− r)!r!(n− r)! , (14)
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where use has been made of the quasi-monomial property (8) of the H-KdF polynomials.
Moreover (13) gives also the generating function of the two-indices H-KdF polynomial as
∞∑
m,n=0
vmwn
m!n!
Hm,n(x, y, z, u|τ) = ey∂2x+u∂2z+τ∂x∂z
∞∑
m,n=0
vmxmynzn
m!n!
= ey∂
2
x+u∂
2
z+τ∂x∂z+vx+wz . (15)
Note that the operational form (13) has an ambiguity in the degenerate case x = z = 0.
To overcome this ambiguity we can use the so called incomplete Hermite polynomials
2,hm,n(x, y|τ) = (m+ )!(n+ )!
min{m,n}∑
r=0
xm−ryn−rτ 2r+2
(m− r)!(n− r)!(2r + )! (16)
and referred as even ( = 0) or odd ( = 1). The associated operational form can be guessed
from Eq. (13) and reads
2,0hm,n(x, y|τ) = cosh(τ
√
∂x∂y)(x
myn) , (17)
2,1hm,n(x, y|τ) =
√
∂x∂y sinh(τ
√
∂x∂y)(x
m+1yn+1) . (18)
In this section we have provided so far the main properties of the HL polynomials. The
underlying technicalities will be exploited in the forthcoming part of the paper.
III. GAUSSIAN UNITARIES
A. Definitions
A Gaussian unitary (defined as a unitary operator transforming Gaussian states into
Gaussian states) can be represented in terms of three fundamental unitaries, namely a
displacement operator
D(α) = eαa
†−α∗a , α ∈ C , (19)
a rotation operator
R(φ) = eiφa
†a , φ ∈ R , (20)
and a squeezing operator
S(z) = e
1
2
(za†a†−z∗aa) , z = reiθ ∈ C , r ≥ 0 , (21)
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where a is the annihilator operator and a† is the creation operator. In fact13,14 the most gen-
eral Gaussian unitary is given by the combination of three fundamental Gaussian unitaries
D(α), S(z), and R(φ), cascaded in any arbitrary order. Without restriction, we will refer
to the cascade U = S(z)D(α)R(φ), because the other combinations can be easily obtained
by simple transformation of the parameters.14 Under this assumption the specification of
a Gaussian unitary is provided by a triple of complex parameters (α, φ, z), which we call
bosonic parameters.
B. Fock representation of a general Gaussian unitary
Even though different approaches have been used for the evaluation of the Fock coefficients
of a general Gaussian state, we prefer to use a direct approach, starting from the normal
ordering of the unitary operator U , namely,
U = K0B(a
†)C(a†, a)F (a) (22)
where
K0 = S
1/2 exp
{
−1
2
(|α|2 + T ∗α2)
}
, B(a†) = exp
{
αSa† +
1
2
Ta†a†
}
, (23)
C(a†, a) =
∞∑
n=0
(Seiφ − 1)n(a†)nan
n!
, F (a) = exp
{
−(αT ∗ + α∗)eiφa− 1
2
T ∗ei2φa2
}
. (24)
The parameters T and S are obtained from the squeeze parameter z = r eiθ as T = eiθ tanh r
and S = sech r. The factorization (22) is a particularization of the normal ordering for a
general multi-mode Gaussian unitary, obtained by Ma and Rhodes14 (for the single mode
see also Fisher et al.19).
The final result is simply expressed in terms of a two-indices H-KdF polynomial.
Proposition 1. The Fock coefficients of the Gaussian unitary U = S(z)D(α)R(φ) are given
by
Um,n =
K0√
m!n!
Hm,n(x, y; z, u|X) (25)
where
x = αS , y =
1
2
T , z = −(αT ∗ + α∗)eiφ , u = −1
2
T ∗ei2φ , X = Seiφ (26)
are expressed in terms of the bosonic parameters.
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U✲
ρth
Gaussain unitary
✲ρthermal
state
ρ noisy Gaussian state
FIG. 1. Generation of a single–mode noisy Gaussian state, starting from the thermal state.
This is the first result that states the presence of a Hermite–like polynomial. The proof
of the proposition is given in Appendix A.
C. Particular cases
From the general result of Proposition 1 one can obtain the Fock coefficients of funda-
mental unitaries. To get the particular cases one has to take into account the following
degenerate forms of the HKdF polynomials
Hn(x, 0) = x
n (27)
Hn(0, y) =

yn/2n!
(n/2)!
for n even
0 for n odd
(28)
For a rotation we have to let
α = 0 , x = y = z = u = 0 , X = eiφ , K0 = 1
to get
Umn =
1√
m!n!
Hmn(0, 0; 0, 0|eiφ) .
For a displacement we have to let
z = 0 , φ = 0 → x = α , y = 0 z = −α∗ , u = 0 , X = 1 , K0 = e−|α|2/2
to get
Umn =
e−|α|
2/2
√
m!n!
Hmn(α, 0;−α∗, 0|1) .
For a squeezing we have to let
α = 0 φ = 0 → x = z = 0 y = 1
2
T u = −1
2
T ∗ X = S K0 = S1/2
8
to get
Umn =
S1/2√
m!n!
Hmn(0, T ; 0,−T ∗|S) .
We leave ir to the reader to develop the consequent simplifications after use of Eqs. (27)
and (28). Note in particular that for the displacement Um,n can be finally expressed through
the generalized Laguerre polynomial L
(m−n)
n (x).
IV. FOCK REPRESENTATION OF A NOISY GAUSSIAN STATE
A noisy Gaussian state may be assumed as generated by applying a unitary operator to
a thermal noise state as depicted in Fig. 1, so that it may be defined by specifying the
thermal state and the generating Gaussian unitary. The thermal state is given by
ρth =
∞∑
m=0
∞∑
n=0
(ρth)m,n |m〉 〈n| (29)
with geometrical Fock coefficients
(ρth)m,n = 〈m|ρth|n〉 = (1− Y )Y mδm,n , Y = NN + 1 , (30)
where |n〉 are the Fock states and N is the average number of photons in ρth.
The most general noisy Gaussian state ρ is obtained by the application of the most general
Gaussian unitary to the thermal state ρth, that is,
ρ = UρthU
† with U = S(z)D(α)R(φ) . (31)
Our target is the the evaluation of the Fock coefficients of the density operator ρ, defined
by
ρmn = 〈m|ρ|n〉 , m, n = 0, 1, 2, . . . (32)
A slight simplification arises if one observes that the rotation operator R(φ) does not
modify the number states |n〉, since eiφa†a|n〉 = einφ|n〉 differs from |n〉 only for the inessential
phase einφ. As a consequence R(φ)ρthR
†(φ) = ρth and we are justified to ignore the effect of
the rotation operator and to put φ = 0 in the following. Then ρ and ρmn are specified by
the displacement parameter α, the squeeze parameter z = reiθ, and the noise parameter N .
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A. An infinite series representation
The Fock representation of the noisy density operator ρ = UρthU
† is
ρm,n =
∞∑
j=0
Um,j(ρth)j,j U
∗
n,j = (1− Y )
∞∑
j=0
Um,jY
j U∗n,j . (33)
By applying the result of Proposition 1 one gets
ρm,n = (1− Y )|K0|2 1√
m!n!
Ψm,n (34)
with
Ψm,n =
∞∑
j=0
Hm,j(x, y; z, u|X)Y
j
j!
H∗n,j(x, y; z, u|X) . (35)
Then using the definition (12) of the two-indexes H-KdF polynomials gives
Ψm,n = m!n!
∞∑
j=0
min{m,j}∑
r=0
Hm−r(x, y)Hj−r(z, u)Xr
(m− r)!(j − r)!r!
Y j
j!
min{n,j}∑
s=0
H∗n−s(x, y)H
∗
j−s(z, u)X
s
(n− s)!(j − s)!s! . (36)
To simplify the series we note that the range of the indexes may be rewritten as
{j ≥ 0, r ≤ m, r ≤ n, s ≤ j} = {r ≤ m, s ≤ n, j ≥ max{r, s}} (37)
so that (36) may be rearranged as
Ψm,n = m!n!
m∑
r=0
n∑
s=0
Hm−r(x, y)Xr
(m− r)!r! Gr,s(z, u; z
∗u∗|Y )H
∗
n−s(x, y)(X
∗)s
(n− s)!s! (38)
with
Gr,s(z, u; z
∗u∗|Y ) =:
∞∑
j=max(r,s)
Hj−r(z, u)
(j − r)!
Y j
j!
H∗j−s(z, u)
(j − s)! . (39)
In conclusion
ρm,n = (1− Y )|K0|2
√
m!n!
m∑
r=0
n∑
s=0
Hm−r(x, y)Xr
(m− r)!r! Gr,s(z, u; z
∗u∗|Y )H
∗
n−s(x, y)(X
∗)s
(n− s)!s! . (40)
In this formulation the Fock coefficients are expressed through the series (67). The derivation
of the relevant closed forms will be considered in the next subsections.
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B. Closed–form solution
According to the recurrence property under derivative given in (8) of the H-KdF polyno-
mials yields
Gr,s(z, u; z
∗, u∗|Y ) =
∞∑
j=max{r,s}
Hj−r(z, u)Y jj!Hj−s(z∗, u∗)
(j − r)!(j − s)!
=
∞∑
j=max{r,s}
(
1
j!
∂rzHj(z, u)
)
Y jj!
(
1
j!
∂sz∗Hj(z
∗, u∗)
)
= ∂rz∂
s
z∗
∞∑
j=0
Hj(z, u)
Y j
j!
Hj(z
∗, u∗) = ∂rz∂
s
z∗F (z, u; z
∗, u∗|Y ) , (41)
where
F (z, u; z∗, u∗|Y ) :=
∞∑
j=0
Hj(z, u)
Y j
j!
Hj(z
∗, u∗) . (42)
Then we can apply to (42) the Mehler type identity (9) to get
F (z, u; z∗, u∗|Y ) =
√
Le[zY z
∗+Y 2(u∗z2+uz∗2)]L (43)
where
L =
1
1− 4uY 2u∗ ∈ R . (44)
Note that
4uY 2u∗ =
N 2
(N + 1)2 tanh
2 r (45)
belongs to the range [0, 1) so that
√
L is real. We let
F (z, u; z∗, u∗|Y ) =
√
Lezaz
∗+bz2+b∗z∗2 , a = LY ∈ R , b = LY 2u ∈ C (46)
and use the following lemma:
Lemma.The multiple mixed derivatives of a quadratic exponential are given by
fm,n(x, y, b, c) =: ∂
m
x ∂
n
y e
ax2+bxy+cy2 = Hm,n(2ax+ by, a; 2cy + bx, c|b)eax2+bxy+cy2 (47)
where Hm,n(x, y; z, u|X) is the two–indices H-KdF polynomial defined by (12).
The proof is given in Appendix B.
Using the lemma gives the mixed derivative in (41), namely,
Gr,s(z, u, z
∗, u∗|Y ) =
√
L
∂r
∂zr
∂s
∂z∗s
eaz
2+zbz∗+a∗z∗2
=
√
LHr,s(2az + bz
∗, a; 2a∗z∗ + bz, a∗|b)eaz2+a∗(z∗)2+bzz∗ (48)
with a = LY 2u∗ and b = LY .
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C. Final result
Combining the above results gives:
Proposition 2. The Fock coefficients of the general Gaussian state ρ are given by
ρm,n = J
m∑
r=0
n∑
s=0
Km,rWr,sK
∗
n,s , (49)
where
J = (1− Y )|K0|2 1√
1− 4uY 2u∗ e
az2+a∗(z∗)2+bzz∗ , (50)
Km,r =
√
m!
Hm−r(x, y)Xr
(m− r)!r! (51)
Wr,s = Hrs(2az + bz
∗, a; 2a∗z∗ + bz, a∗|b) (52)
The coefficients appearing in these formulas are related to the parameters α and z = reiθ
of the Gaussian unitary and to the average photon number N of the thermal noise by the
relations
K0 = (sech r)
1/2 exp
{
−1
2
(|α|2 + α2e−iθ tanh r)
}
, Y =
N
N + 1 ,
x = αsech r , y = −u∗ = 1
2
eiθ tanh r , z = −(αe−iθ tanh r + α∗) (53)
X = sech r , L =
1
1− Y 2 tanh2 r , a = LY
2u∗ , b = LY
The Fock coefficients (49) may be collected into a matrix ρ with infinite dimension,
namely,
ρ = JKWK† (54)
where the matrix K = [Km,r] and W = [Wr,s] are defined by (66) and (67), respectively.
The matrix K is lower triangular (and K† is upper triangular) because Hm−r(x, y) vanishes
for r > m. Moreover, W is Hermitian and positive semidefinite.
Eq. (54) represents the main result of the paper. Note the very compact form notwith-
standing the several variables involved in the theory. All the factors are expressed in terms
of the two bosonic parameters α and z = reiθ, and of the thermal noise N .
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0.15
0.20
0.25
10 20 30 40 50
0.02
0.04
0.06
0.08
0.
0.1
0.3
0.4
m m
ρmm ρmm
Fig. 2 Plot of homm for four values of α . The data have the form
[α , r,θ ,mmax] =
⎡⎢⎢⎣
0.5 +0.3i 0.5 0.3 0.5 20
1. +0.3i 0.5 0.3 0.5 25
2. +0.4i 0.5 0.3 0.5 50
3. +0.5i 0.5 0.3 0.5 50
⎤⎥⎥⎦. The traces are
⎡⎢⎢⎣
1 0.999223
2 0.998179
3 0.999409
4 0.965362
⎤⎥⎥⎦
D. Numerical results
We recall that the diagonal entries ρm,m give the probability distribution of the photon
number present in the state described by the noisy Gaussian state ρ. We have evaluated
ρm,m numerically for values of the bosonic parameters α, r, θ and of the thermal noise N .
The results are illustrated in the following figures. The figures on the left show ρm,n in the
range 0 ≤ m ≤ 6, while the figures on the right show ρm,m in the range 0 ≤ m ≤ 50. In the
captions, the matrices on the left give the values of α, r, θ,N ,mmax, while the matrix on the
right gives the partial trace
∑mmax
m=0 ρm,n.
In Fig.2 the plot refers to r = 0.5, θ = 0.5, N = 0.5, and four values of α.
In Fig.3 the plot refers to α = 1 + 0.3i, θ = 0.5, N = 0.5, and four values of r.
In Fig.4 the plot refers to α = 1 + 0.3i, r = 1, N = 0.5, and four values of θ.
In Fig.5 the plot refers to α = 1 + 0.3i, r = 1, θ = 0.5, and four values of N .
V. PARTICULAR CASES
The theory developed here for a general noisy Gaussian state, leading to the matrix form
ρ = JKWK†, can be particularized to specific cases: 1) noisy displaced states, 2) noisy
squeezed states, 3) pure Gaussian states. The particularization is similar to the one seen in
Section III–C for the fundamental Gaussian unitaries and is based on the degenerate forms
of the H-KdF polynomials given by Eqs. (27) and (28).
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1 2 3 4 5 6
0.05
0.10
0.15
0.20
0.25
10 20 30 40 50
0.01
0.02
0.03
0.04
0.05
0.
0.1
0.3
0.4
m m
ρmm ρmm
Fig. 3 Plot of ρmm for four values of r. The data ahave the form
[α , r,θ ,mmax] =
⎡⎢⎢⎣
1. +0.3i 0.5 0.3 0.5 25
1. +0.3i 1. 0.3 0.5 35
1. +0.3i 1.5 0.3 0.5 50
1. +0.3i 2. 0.3 0.5 50
⎤⎥⎥⎦ The traces are
⎡⎢⎢⎣
1 0.998179
2 0.951303
3 0.785501
4 0.459841
⎤⎥⎥⎦
1 2 3 4 5 6
0.05
0.10
0.15
0.20
0.25
10 20 30 40 50
0.02
0.04
0.06
0.08
0
m m
ρmm ρmm
π
4
π
2
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4π
Fig. 4 Plot of ρmm for four values of θ .The data have the form
[α , r,θ ,mmax] =
⎡⎢⎢⎣
1. +0.3i 1. 0.0001 0.5 50
1. +0.3i 1. π4 0.5 50
1. +0.3i 1. π2 0.5 50
1. +0.3i 1. 3π4 0.5 50
⎤⎥⎥⎦ The traces are
⎡⎢⎢⎣
1 0.989263
2 0.987622
3 0.992092
4 0.997267
⎤⎥⎥⎦
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Fig. 5 Plot of ρmm for four values of N. The data have the form
[α , r,θ ,N,mmax] =
⎡⎢⎢⎣
1. +0.3i 1. 0.5 0.01 50
1. +0.3i 1. 0.5 0.3 50
1. +0.3i 1. 0.5 0.6 50
1. +0.3i 1. 0.5 0.9 50
⎤⎥⎥⎦ The traces are
⎡⎢⎢⎣
1 0.999159
2 0.993868
3 0.983591
4 0.970678
⎤⎥⎥⎦
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In Section II-B we noted that the operative form of the polynomial, which led to the gen-
eral closed-form result, has an ambiguity in the degenerate cases and we gave an alternative
form. However, we have verified that the general result of Proposition 2 perfectly holds also
in the degenerate cases, so that the alternative form was not necessary.
We first develop a simple check. In the absence of displacement (α = 0) and squeezing
(z = 0) we have to obtain the Fock representation of the thermal state. In fact
J = 1− Y , Km,r = δmr 1√
m!
, Wr,s = δrsY
rr! (55)
and
ρ = [δmn(1− Y )Y m] (56)
in agreement with (29).
A. Noisy displaced states
By neglecting the squeeze operator and, consequently, by setting z = reiθ = 0 and using
Eq. (27), one finds
J = (1− Y )e−(1−Y )|α|2
and the entries of the matrices K and W become
Km,r =
√
m!
αm−r
(m− r)!r! , Wr,s = r!s!α
r(α∗)s
min{r,s}∑
k=0
(−1)r+sY r+s−k|α|−2k
(r − k)!k!(s− k)! .
The explicit result is
ρm,n = exp
(
− |α|
2
N + 1
)√
m!n!
αm(α∗)n
N + 1 Dm,n
(
|α|2, NN + 1 |α|
2
)
, (57)
where Drs(x, z, y) is the polynomial
Dm,n(x, z, y) =
n∑
s=0
m∑
r=0
(−1)r−sx−szr
(m− r)!(n− s)!
min(r,s)∑
t=0
ys−t
t!(r − t)!(s− t)! , (58)
Note that a closed-form result is available in the literature due to Helstrom8, namely, for
n ≥ m
ρm,n(α) = exp
(
− |α|
2
N + 1
) N n
(N + 1)n
√
m!
n!
(
α∗
N
)n−m
L(n−m)m
(
− |α|
2
N (N + 1)
)
(59)
while for m > n the coefficients are obtained using the Hermitian symmetry.
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The expressions (57) and (59) are quite different. The reason lies on the fact that our
approach is completely different from the one followed in the cited paper. However, the
check, not easy, leads to the perfect agreement of the two results.
B. Noisy squeezed states
The Fock expansion of a noisy squeezed state results by neglecting the displacement
operator and, consequently, by setting α = 0, and using Eq. (28). We find:
J =
1− Y√
1− 4uY 2u∗ e
az2+a∗(z∗)2+bzz∗ . (60)
and the entries of the matrices K and W become
Km,r =
1√
m!
(T/2)(m−r)/2Sr
((m− r)/2)! m− r even (61)
Kn,s =
1√
n!
(−T ∗/2)(n−s)/2Ss
((n− s)/2)! n− s even. (62)
Wr,s = r!s!Hrs(0, 0; 0, 0|b) = r!s!
min{r,s}∑
k=0
δr,k(LY )
kδs,k
k!
= δrsr!(LY )
r (63)
In a paper of P. Marian and T. Marian12 a correspondig result is expressed in terms of
a hypergeometric function. Also in this case the difference is due to the different approach,
but the agreement of the results has been checked.
C. Pure Gaussian states
The Fock expansion of a pure Gaussian state results by neglecting the thermal noise, and,
consequently, by setting Y = 0. We find
K0 = (sech r)
1/2 exp
{
−1
2
(|α|2 + α2e−iθ tanh r)
}
(64)
J = |K0|2 (65)
Km,r =
√
m!
Hm−r(x, y)Xr
(m− r)!r! (66)
Wr,s = Hrs(0, 0; 0, 0|0) = δr0δs0 (67)
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The final expression reads
ρmn = |K0|2 1√
m!n!
Hm(x, y)H
∗
n(x, y) (68)
This result is in agreement with previous results in the literature11,20. Serafini21 evaluates
the Fock coefficients for α = 0 and z = e2r, obtaining a result in agreement with (68).
VI. CONCLUSIONS
We have tackled the problem of the Fock representation of Gaussian unitaries and Gaus-
sian states, with their closed-form evaluation as final target. The motivation was the possi-
bility of evaluating the performance of quantum communications in free space and optical
fiber, where a synthetic form the Fock representation is necessary. We have shown the
fundamental role of the Hermite-like polynomials in this topic, especially their operational
form, which is the key to reach the desired closed-form result. We have considered the single
mode, but the methodology could be extended to the multi–mode case. In fact, the normal
ordering of the Gaussian unitaries, which is the starting point of our derivation, is available
also in the muti–mode case,14 and also the fact that exponential factors in the normal order-
ing have the same structure as the generating function of the Hermite-like polynomials holds
also for the multimode. Of course, the complexity of the development increases dramatically
with the order of the mode.
Appendix A: Proof of Proposition 1.
Starting from (31) we get
Um,n = 〈m|U |n〉 = K0
∞∑
r,q=0
〈m|B(a†)|r〉〈r|C(a†, a)|q〉〈q|F (a)|n〉
= K0
∞∑
r,q=0
Bm,rCr,qFq,n . (A1)
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We compute separately the coefficients Bm,r, Cr,q, and Fq,n. A straightforward application
of the properties of the number states enables us to obtain
Cr,q = 〈r|C(a†, a)|q〉 =
∞∑
n=0
(X − 1)n
n!
〈r|(a†)nan|q〉
= δrq
r∑
n=0
(X − 1)n
(
r
n
)
= Xrδrq . (A2)
Since F (a) may be expressed as a generating function of the H-KdF polynomials, namely,
F (a) = eua
2+za = h(z, u, a), one gets
Fq,n = 〈q|F (a)|n〉 =
∞∑
k=0
1
k!
Hk(z, u)〈q|ak|n〉
=
∞∑
k=0
1
k!
Hk(z, u)
√
n!
(n− k)!δq,n−k =
Hn−q(z, u)
(n− q)!
√
n!
q!
(A3)
for 0 ≤ q ≤ n, while Fqn = 0 otherwise. Similarly,
Bm,r = 〈m|B(a†)|r〉 = 〈m|h(x, y, a†)|r〉 = Hm−r(x, y)
(m− r)!
√
m!
r!
(A4)
for 0 ≤ r ≤ m, while Bmr = 0 otherwise. Substituting these results in (A1) yields
Um,n = K0
√
m!n!
min{m,n}∑
r=0
Hm−r(x, y)XrHn−r(z, u)
(m− r)!r!(n− r)! (A5)
and the claim is proved by virtue of (12).
Appendix B: Proof of Lemma
Multiplying both sides of (47) by u
mvn
m!n!
and summing over the indices gives
∞∑
m,n
umvn
m!n!
fm,n(x, y, b, c) = e
u∂xev∂y eax
2+bxy+cy2
= eu∂xeax
2
ev∂y ebxy+cy
2
= eu∂xeax
2
ebx(y+v)+c(y+v)
2
= ea(x+u)
2+b(x+u)(y+v)+c(y+v)2
= e2axu+au
2+byu+bxv+2cyv+cv2+buveax
2+bxy+cy2
=
∞∑
m=0
∞∑
n=0
umvn
m!n!
Hmn(2ax+ by, a; 2cy + bu, c|b)eax2+bxy+cy2 (B1)
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and
exr+yr
2+zt+ut2+τrt =
∞∑
m=0
∞∑
n=0
rmtn
m!n!
Hm,n(x, y; z, u|τ) , (B2)
where the shift transformation (2) and the generating function (B2) of the two indexes
H-KdF polynomials are used.
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